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1. Wavelets: the basic idea

2. Haar wavelets

1 Wavelets: the basic idea

The basic idea is to start with an appropriate basic function h(t) (the father wavelet), which might
look like this:

Then form all possible translations by integers and all possible stretchings by powers of 2 of the
father wavelet:

hnk(t) = 2
n
2 h(2nt− k).

Above, 2
n
2 is just a normalization constant. To illustrate this construction, below we display h(2t)

and h(4t− 3):
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It turns out that if h is chosen properly, then hnk(t) are orthogonal:

〈hnk, hn′k′〉 =

∫
hnk(t)hn′k′(t)dt = 0

unless n = n′ and k = k′.

Furthermore, hnk form a complete set for a wide class of functions (details later). Therefore every
function of interest to us can be expected as a linear combination of these basis functions:

f(t) =
∑
n,k

cnkhnk(t).

How do we find the coefficients cnk? By completeness:

f(t) =
∑
n,k

cnkhnk(t)

for some cnk. To find the coefficients, use the orthonormality of hnk(t):

〈f, hn′k′〉 =
∑
n,k

cnk 〈hnk, hn′k′〉 = cn′k′

which implies that

cnk = 〈f, hn′k′〉 =

∫
f(t)hnk(t)dt.

This is just like in the case of Fourier series.

There are major advantages compared to Fourier series. For high frequencies (n large), the func-
tions hnk(t) have good localization (they get thinner as n → ∞). The location of high frequency
components can be seen from wavelet analysis, but not from Fourier series.

Next we consider the simples possible wavelet construction – Haar wavelets.
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2 Haar wavelets

2.1 The ‘pixel’ approximation spaces

Suppose we have a pixel function

φ(t) =

{
1, if 0 6 t 6 1

0, otherwise.

We wish to build all other functions out of φ(t) and all its integer translates φ(t− k), k ∈ Z:

�(t)
<latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit><latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit><latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit><latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit>

�(t � 3)
<latexit sha1_base64="sAuC0SKjGci9JP65iYQUdv4+M/o=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdFcwx4MVjBPOQZAmzk9lkyMzuMtMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6oCyVvB6Hbmt564NiKOHnCccF/RQSRCwSha6bGbDEUZL67Oe8WSW3HnIKvEy0gJMtR7xa9uP2ap4hEySY3peG6C/oRqFEzyaaGbGp5QNqID3rE0ooobfzI/eErOrNInYaxtRUjm6u+JCVXGjFVgOxXFoVn2ZuJ/XifFsOpPRJSkyCO2WBSmkmBMZt+TvtCcoRxbQpkW9lbChlRThjajgg3BW355lTQvK55b8e6vS7VqFkceTuAUyuDBDdTgDurQAAYKnuEV3hztvDjvzseiNedkM8fwB87nD4/4j4w=</latexit><latexit sha1_base64="sAuC0SKjGci9JP65iYQUdv4+M/o=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdFcwx4MVjBPOQZAmzk9lkyMzuMtMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6oCyVvB6Hbmt564NiKOHnCccF/RQSRCwSha6bGbDEUZL67Oe8WSW3HnIKvEy0gJMtR7xa9uP2ap4hEySY3peG6C/oRqFEzyaaGbGp5QNqID3rE0ooobfzI/eErOrNInYaxtRUjm6u+JCVXGjFVgOxXFoVn2ZuJ/XifFsOpPRJSkyCO2WBSmkmBMZt+TvtCcoRxbQpkW9lbChlRThjajgg3BW355lTQvK55b8e6vS7VqFkceTuAUyuDBDdTgDurQAAYKnuEV3hztvDjvzseiNedkM8fwB87nD4/4j4w=</latexit><latexit sha1_base64="sAuC0SKjGci9JP65iYQUdv4+M/o=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdFcwx4MVjBPOQZAmzk9lkyMzuMtMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6oCyVvB6Hbmt564NiKOHnCccF/RQSRCwSha6bGbDEUZL67Oe8WSW3HnIKvEy0gJMtR7xa9uP2ap4hEySY3peG6C/oRqFEzyaaGbGp5QNqID3rE0ooobfzI/eErOrNInYaxtRUjm6u+JCVXGjFVgOxXFoVn2ZuJ/XifFsOpPRJSkyCO2WBSmkmBMZt+TvtCcoRxbQpkW9lbChlRThjajgg3BW355lTQvK55b8e6vS7VqFkceTuAUyuDBDdTgDurQAAYKnuEV3hztvDjvzseiNedkM8fwB87nD4/4j4w=</latexit><latexit sha1_base64="sAuC0SKjGci9JP65iYQUdv4+M/o=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoMQD4ZdFcwx4MVjBPOQZAmzk9lkyMzuMtMrhJCv8OJBEa9+jjf/xkmyB00saCiquunuChIpDLrut5NbW9/Y3MpvF3Z29/YPiodHTROnmvEGi2Ws2wE1XIqIN1Cg5O1Ec6oCyVvB6Hbmt564NiKOHnCccF/RQSRCwSha6bGbDEUZL67Oe8WSW3HnIKvEy0gJMtR7xa9uP2ap4hEySY3peG6C/oRqFEzyaaGbGp5QNqID3rE0ooobfzI/eErOrNInYaxtRUjm6u+JCVXGjFVgOxXFoVn2ZuJ/XifFsOpPRJSkyCO2WBSmkmBMZt+TvtCcoRxbQpkW9lbChlRThjajgg3BW355lTQvK55b8e6vS7VqFkceTuAUyuDBDdTgDurQAAYKnuEV3hztvDjvzseiNedkM8fwB87nD4/4j4w=</latexit>

Note that any function that is constant on integers can be written as a linear combination of
φ(t− k). For example, if f(t) look like this:
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it can be written as follows:

f(t) = 2φ(t) + 3φ(t− 1)− 2φ(t− 2) + 4φ(t− 3).

Let V0 denote the set of all squared integrable functions that are constant on integer intervals.
Every element of g ∈ V0 can be written as a linear combination of integer translates of the pixel φ:

g(t) =
∑
k∈Z

akφ(t− k).

The elements of V0 looks like this:

Given a function f(t) (that is not constant on integers) we can approximate it by a linear combi-
nation of φ(t− k), k ∈ Z, i.e., by an element of V0:
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To get better approximation shrink the basic function:

�(22t)
<latexit sha1_base64="+xg4B3LPdMhz/X9a0WfC/Bg/RWg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkRbDLghuXFewDmlgm09t26GQSZiZCiV34K25cKOLW33Dn3zhNs9DWAxcO59w7d+4JYs6Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFSWSQotGPJLdgCjgTEBLM82hG0sgYcChE0yu537nAaRikbjT0xj8kIwEGzJKtJH69omXvZEGPIGZF49ZpXZf0xd9u+xUnQx4lbg5KaMczb795Q0imoQgNOVEqZ7rxNpPidSMcpiVvERBTOiEjKBnqCAhKD/Nds/wuVEGeBhJU0LjTP09kZJQqWkYmM6Q6LFa9ubif14v0cO6nzIRJxoEXSwaJhzrCM/DwAMmgWo+NYRQycxfMR0TSag2kZVMCO7yyaukXau6TtW9vSw36nkcRXSKzlAFuegKNdANaqIWougRPaNX9GY9WS/Wu/WxaC1Y+cwx+gPr8weMk5W8</latexit><latexit sha1_base64="+xg4B3LPdMhz/X9a0WfC/Bg/RWg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkRbDLghuXFewDmlgm09t26GQSZiZCiV34K25cKOLW33Dn3zhNs9DWAxcO59w7d+4JYs6Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFSWSQotGPJLdgCjgTEBLM82hG0sgYcChE0yu537nAaRikbjT0xj8kIwEGzJKtJH69omXvZEGPIGZF49ZpXZf0xd9u+xUnQx4lbg5KaMczb795Q0imoQgNOVEqZ7rxNpPidSMcpiVvERBTOiEjKBnqCAhKD/Nds/wuVEGeBhJU0LjTP09kZJQqWkYmM6Q6LFa9ubif14v0cO6nzIRJxoEXSwaJhzrCM/DwAMmgWo+NYRQycxfMR0TSag2kZVMCO7yyaukXau6TtW9vSw36nkcRXSKzlAFuegKNdANaqIWougRPaNX9GY9WS/Wu/WxaC1Y+cwx+gPr8weMk5W8</latexit><latexit sha1_base64="+xg4B3LPdMhz/X9a0WfC/Bg/RWg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkRbDLghuXFewDmlgm09t26GQSZiZCiV34K25cKOLW33Dn3zhNs9DWAxcO59w7d+4JYs6Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFSWSQotGPJLdgCjgTEBLM82hG0sgYcChE0yu537nAaRikbjT0xj8kIwEGzJKtJH69omXvZEGPIGZF49ZpXZf0xd9u+xUnQx4lbg5KaMczb795Q0imoQgNOVEqZ7rxNpPidSMcpiVvERBTOiEjKBnqCAhKD/Nds/wuVEGeBhJU0LjTP09kZJQqWkYmM6Q6LFa9ubif14v0cO6nzIRJxoEXSwaJhzrCM/DwAMmgWo+NYRQycxfMR0TSag2kZVMCO7yyaukXau6TtW9vSw36nkcRXSKzlAFuegKNdANaqIWougRPaNX9GY9WS/Wu/WxaC1Y+cwx+gPr8weMk5W8</latexit><latexit sha1_base64="+xg4B3LPdMhz/X9a0WfC/Bg/RWg=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkRbDLghuXFewDmlgm09t26GQSZiZCiV34K25cKOLW33Dn3zhNs9DWAxcO59w7d+4JYs6Udpxvq7C2vrG5Vdwu7ezu7R/Yh0dtFSWSQotGPJLdgCjgTEBLM82hG0sgYcChE0yu537nAaRikbjT0xj8kIwEGzJKtJH69omXvZEGPIGZF49ZpXZf0xd9u+xUnQx4lbg5KaMczb795Q0imoQgNOVEqZ7rxNpPidSMcpiVvERBTOiEjKBnqCAhKD/Nds/wuVEGeBhJU0LjTP09kZJQqWkYmM6Q6LFa9ubif14v0cO6nzIRJxoEXSwaJhzrCM/DwAMmgWo+NYRQycxfMR0TSag2kZVMCO7yyaukXau6TtW9vSw36nkcRXSKzlAFuegKNdANaqIWougRPaNX9GY9WS/Wu/WxaC1Y+cwx+gPr8weMk5W8</latexit>

�(2t)
<latexit sha1_base64="HhvMSX5523yFlL2VBz1jkN1Dbcc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5IUwS4LblxWsA9oQplMJu3QySTM3Agh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wpsC2v43K1vbO7l51v3ZweHR8Yp6eDVScSkL7JOaxHPlYUc4E7QMDTkeJpDjyOR3689ulP3ykUrFYPECWUC/CU8FCRjBoaWLW3eKNXNJg4SYz1mzD1cRs2C27gLVJnJI0UInexPxyg5ikERVAOFZq7NgJeDmWwAini5qbKppgMsdTOtZU4IgqLy8WL6xLrQRWGEtdAqxC/T2R40ipLPJ1Z4Rhpta9pfifN04h7Hg5E0kKVJDVojDlFsTWMgkrYJIS4JkmmEim/2qRGZaYgM6rpkNw1k/eJIN2y7Fbzv11o9sp46iic3SBmshBN6iL7lAP9RFBGXpGr+jNeDJejHfjY9VaMcqZOvoD4/MHhe+UoQ==</latexit><latexit sha1_base64="HhvMSX5523yFlL2VBz1jkN1Dbcc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5IUwS4LblxWsA9oQplMJu3QySTM3Agh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wpsC2v43K1vbO7l51v3ZweHR8Yp6eDVScSkL7JOaxHPlYUc4E7QMDTkeJpDjyOR3689ulP3ykUrFYPECWUC/CU8FCRjBoaWLW3eKNXNJg4SYz1mzD1cRs2C27gLVJnJI0UInexPxyg5ikERVAOFZq7NgJeDmWwAini5qbKppgMsdTOtZU4IgqLy8WL6xLrQRWGEtdAqxC/T2R40ipLPJ1Z4Rhpta9pfifN04h7Hg5E0kKVJDVojDlFsTWMgkrYJIS4JkmmEim/2qRGZaYgM6rpkNw1k/eJIN2y7Fbzv11o9sp46iic3SBmshBN6iL7lAP9RFBGXpGr+jNeDJejHfjY9VaMcqZOvoD4/MHhe+UoQ==</latexit><latexit sha1_base64="HhvMSX5523yFlL2VBz1jkN1Dbcc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5IUwS4LblxWsA9oQplMJu3QySTM3Agh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wpsC2v43K1vbO7l51v3ZweHR8Yp6eDVScSkL7JOaxHPlYUc4E7QMDTkeJpDjyOR3689ulP3ykUrFYPECWUC/CU8FCRjBoaWLW3eKNXNJg4SYz1mzD1cRs2C27gLVJnJI0UInexPxyg5ikERVAOFZq7NgJeDmWwAini5qbKppgMsdTOtZU4IgqLy8WL6xLrQRWGEtdAqxC/T2R40ipLPJ1Z4Rhpta9pfifN04h7Hg5E0kKVJDVojDlFsTWMgkrYJIS4JkmmEim/2qRGZaYgM6rpkNw1k/eJIN2y7Fbzv11o9sp46iic3SBmshBN6iL7lAP9RFBGXpGr+jNeDJejHfjY9VaMcqZOvoD4/MHhe+UoQ==</latexit><latexit sha1_base64="HhvMSX5523yFlL2VBz1jkN1Dbcc=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkWom5IUwS4LblxWsA9oQplMJu3QySTM3Agh1F9x40IRt36IO//GaZqFth64cDjn3rlzj59wpsC2v43K1vbO7l51v3ZweHR8Yp6eDVScSkL7JOaxHPlYUc4E7QMDTkeJpDjyOR3689ulP3ykUrFYPECWUC/CU8FCRjBoaWLW3eKNXNJg4SYz1mzD1cRs2C27gLVJnJI0UInexPxyg5ikERVAOFZq7NgJeDmWwAini5qbKppgMsdTOtZU4IgqLy8WL6xLrQRWGEtdAqxC/T2R40ipLPJ1Z4Rhpta9pfifN04h7Hg5E0kKVJDVojDlFsTWMgkrYJIS4JkmmEim/2qRGZaYgM6rpkNw1k/eJIN2y7Fbzv11o9sp46iic3SBmshBN6iL7lAP9RFBGXpGr+jNeDJejHfjY9VaMcqZOvoD4/MHhe+UoQ==</latexit>

�(t)
<latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit><latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit><latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit><latexit sha1_base64="T2DLrLhp57xNqieSVWb6rZjo3W0=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBDiJeyKYI4BLx4jmAckS5idzCZDZmeHmV4hhHyEFw+KePV7vPk3TpI9aGJBQ1HVTXdXpKWw6Pvf3sbm1vbObmGvuH9weHRcOjlt2TQzjDdZKlPTiajlUijeRIGSd7ThNIkkb0fju7nffuLGilQ94kTzMKFDJWLBKDqp3dMjUcGrfqnsV/0FyDoJclKGHI1+6as3SFmWcIVMUmu7ga8xnFKDgkk+K/YyyzVlYzrkXUcVTbgNp4tzZ+TSKQMSp8aVQrJQf09MaWLtJIlcZ0JxZFe9ufif180wroVToXSGXLHlojiTBFMy/50MhOEM5cQRyoxwtxI2ooYydAkVXQjB6svrpHVdDfxq8HBTrtfyOApwDhdQgQBuoQ730IAmMBjDM7zCm6e9F+/d+1i2bnj5zBn8gff5A6+Ijxg=</latexit>

Figure 1: φ(t), φ(2t), φ(22t)

In details, φ(2t) looks like this:
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and φ(2t− 1) looks like this

To see this note: 2t = 1 iff t = 1
2 and 2t− 1 = 1 iff t = 1.

The narrower functions φ(2t+ k), k ∈ Z, give a better approximation to f(t):

Let V1 denote the set of all square integrable functions that are constant on all half-integers. Every
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element of g ∈ V1 can be written as a linear combination of integer translates of the pixel φ(2t):

g(t) =
∑
k∈Z

akφ(2t− k).

The elements of V1 look like this:

We can continue in the analogous fashion. The elements of V2 look like this:
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In general, let Vj denote the set of all square integrable functions that are constant on 2−j-length
intervals. Every element of g ∈ Vj can be written as a linear combination of integer translates of
the pixel φ(2jt):

g(t) =
∑
k

akφ(2jt− k).

2.2 The multi-scale spaces

The pixel function φ(·) generates the approximation space we need. However its scaled versions
and translates are not orthonormal to each other. Hence, we can use each space Vj separately, but
we cannot use . . . V−1, V0, V1, V2, . . . together at once. We do not have a multiscale space. We fix
this problem next. Define the father function:

ψ(t) =


1, if 0 6 t 6 1

2

−1, if 1
2 6 t 6 1

0, otherwise.

This function looks like this:

It is important not to confuse ψ(·) and φ(·)!
From the father function we generate the family of Haar wavelets by integer translation, ψ0,5 =
ψ(t− 5):
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and scaling, ψ3,7 = 2
3
2ψ(23t− 7):

In general,

ψjk = 2
j
2ψ(2jt− k), j ∈ Z, k ∈ Z.

It is not difficult to see that Haar wavelets are orthogonal across scales and within the same scale:〈
ψjk, ψj′k′

〉
=

∫ +∞

−∞
ψjk(t)ψj′k′(t)dt = 0

if j 6= j′ or k 6= k′. Indeed, If j = j′ and k 6= k′, then
〈
ψjk, ψj′k′

〉
= 0 because ψjk(t) = 0 for those

t for which ψjk′(t) 6= 0 and vice versa. If j 6= j′ then
〈
ψjk, ψj′k′

〉
=
∫
ψjk(t)ψj′k′(t)dt = 0, as can

be seen from the figure:
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Can every function be represented as a combination of Haar wavelets?

Recall that Vj is the space of square integrable functions that are constant on dyadic intervals of
length 2−j . The elements of this space can be written as

∑
k∈Z akφ(2jt − k). If j is negative, the

intervals are of length greater than 1. Concretely, V−1 contains functions constant on intervals of
length 2; V−2 contains functions constant on intervals of length 4, etc.

We will next list the properties of {Vj} :

1. If a function is piecewise constant on integers then it is piecewise constant on half integers.
Therefore, ...V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ V3...
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2. It can be shown that ∩nVn = {0} (the constant zero function).

3. Every function can be approximated by a staircase function arbitrarily well if the side of the
stairs is small enough. Therefore, ∪nVn is dense in the space of square integrable functions.

4. Take a function that is constant on all intervals of length 2−n. Shrink it by a factor of 2. The
result is a function that is constant on intervals of length 2−n−1. Therefore, if f(t) ∈ Vn, then
f(2t) ∈ Vn+1.

5. Translating a function by an integer does not change the fact that it is constant on integer
intervals. Therefore, if f(t) ∈ V0 then f(t− k) ∈ V0.

6. The family of functions:
φ0k = φ(t− k), k ∈ Z

forms an orthogonal basis for V0. The function φ is called the scaling function.

Definition 1. A sequence of spaces {Vj}j∈Z together with the scaling function φ that generates V0
so that (1)-(6) are satisfied is called the multiresolution analysis.

Definition 2. Assume M1 and M2 are orthogonal subspaces, i.e., w1 ⊥ w2 for all w1 ∈ M1 and
w2 ∈M2. The subspace V is the orthogonal direct sum of M1 and M2, denoted as V = M1 ⊕M2,
if every v ∈ V can be written uniquely as

v = w1 + w2

with w1 ∈M1 and w2 ∈M2.

Now consider again our hierarchy of subspaces

. . . V−2 ⊂ V−1 ⊂ V0 ⊂ V1 ⊂ V2 ⊂ V3 . . .
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Since V0 ⊂ V1, there is a subspace W0 such that V0⊕W0 = V1, we denote this subspace W0 = V1	V2.
Similarly define W1 = V2 	 V1 and, in general, Wj−1 = Vj 	 Vj−1.
We have:

V3 = V2 ⊕W2

= V1 ⊕W1 ⊕W2

= V0 ⊕W0 ⊕W1 ⊕W2

= V−1 ⊕W−1 ⊕W0 ⊕W1 ⊕W2

= . . .

and therefore for v3 ∈ V3:

v3 = v2 + w2

= v1 + w1 + w2

= v0 + w0 + w1 + w2

= v−1 + w−1 + w0 + w1 + w2

= . . .

with vi ∈ Vi and wi ∈Wi.

In conclusion, the relationship between {Vj} and {Wj} looks like this:

How can we characterize the Wj spaces?

Claim 3. W0 is the set of functions that are constant on half integers and take equal and opposite
values on half of each integer interval. For example, here is an element from W0:
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Proof. Let A be the the set of functions that are constant on half integers and take equal and
opposite values on half of each integer interval. We need to show that W0 = A. First, show that
V0 and A are orthogonal. Second, show that V0 ⊕A = V1. Then it will follow that:

A = V1 	 V0 ≡W0.

• First, take f ∈ V0 and g ∈ A, these functions look like this:

f(t)
<latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit><latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit><latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit><latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit>

g(t)
<latexit sha1_base64="zOYYyNPmiGnkQIizqYsp+Moy6Bw=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhXsKuCOYY8OIxgnlAsoTZ2U4yZPbBzGwgLPkTLx4U8eqfePNvnGz2oIkFDUVV9/R0+YngSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzjopTybDNYhHLnk8VCh5hW3MtsJdIpKEvsOtP75d+d4ZS8Th60vMEvZCOIz7ijGojDW17kL+RSQwWZFzT10O76tSdHGSTuAWpQoHW0P4aBDFLQ4w0E1Spvusk2suo1JwJXFQGqcKEsikdY9/QiIaovCzfuiBXRgnIKJamIk1y9fdERkOl5qFvOkOqJ2rdW4r/ef1UjxpexqMk1Rix1aJRKoiOyTIGEnCJTIu5IZRJbv5K2IRKyrQJq2JCcNdP3iSdm7rr1N3H22qzUcRRhgu4hBq4cAdNeIAWtIHBDJ7hFd6szHqx3q2PVWvJKmbO4Q+szx8Pl5M7</latexit><latexit sha1_base64="zOYYyNPmiGnkQIizqYsp+Moy6Bw=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhXsKuCOYY8OIxgnlAsoTZ2U4yZPbBzGwgLPkTLx4U8eqfePNvnGz2oIkFDUVV9/R0+YngSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzjopTybDNYhHLnk8VCh5hW3MtsJdIpKEvsOtP75d+d4ZS8Th60vMEvZCOIz7ijGojDW17kL+RSQwWZFzT10O76tSdHGSTuAWpQoHW0P4aBDFLQ4w0E1Spvusk2suo1JwJXFQGqcKEsikdY9/QiIaovCzfuiBXRgnIKJamIk1y9fdERkOl5qFvOkOqJ2rdW4r/ef1UjxpexqMk1Rix1aJRKoiOyTIGEnCJTIu5IZRJbv5K2IRKyrQJq2JCcNdP3iSdm7rr1N3H22qzUcRRhgu4hBq4cAdNeIAWtIHBDJ7hFd6szHqx3q2PVWvJKmbO4Q+szx8Pl5M7</latexit><latexit sha1_base64="zOYYyNPmiGnkQIizqYsp+Moy6Bw=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhXsKuCOYY8OIxgnlAsoTZ2U4yZPbBzGwgLPkTLx4U8eqfePNvnGz2oIkFDUVV9/R0+YngSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzjopTybDNYhHLnk8VCh5hW3MtsJdIpKEvsOtP75d+d4ZS8Th60vMEvZCOIz7ijGojDW17kL+RSQwWZFzT10O76tSdHGSTuAWpQoHW0P4aBDFLQ4w0E1Spvusk2suo1JwJXFQGqcKEsikdY9/QiIaovCzfuiBXRgnIKJamIk1y9fdERkOl5qFvOkOqJ2rdW4r/ef1UjxpexqMk1Rix1aJRKoiOyTIGEnCJTIu5IZRJbv5K2IRKyrQJq2JCcNdP3iSdm7rr1N3H22qzUcRRhgu4hBq4cAdNeIAWtIHBDJ7hFd6szHqx3q2PVWvJKmbO4Q+szx8Pl5M7</latexit><latexit sha1_base64="zOYYyNPmiGnkQIizqYsp+Moy6Bw=">AAAB+XicbVDLSgNBEOyNrxhfqx69DAYhXsKuCOYY8OIxgnlAsoTZ2U4yZPbBzGwgLPkTLx4U8eqfePNvnGz2oIkFDUVV9/R0+YngSjvOt1Xa2t7Z3SvvVw4Oj45P7NOzjopTybDNYhHLnk8VCh5hW3MtsJdIpKEvsOtP75d+d4ZS8Th60vMEvZCOIz7ijGojDW17kL+RSQwWZFzT10O76tSdHGSTuAWpQoHW0P4aBDFLQ4w0E1Spvusk2suo1JwJXFQGqcKEsikdY9/QiIaovCzfuiBXRgnIKJamIk1y9fdERkOl5qFvOkOqJ2rdW4r/ef1UjxpexqMk1Rix1aJRKoiOyTIGEnCJTIu5IZRJbv5K2IRKyrQJq2JCcNdP3iSdm7rr1N3H22qzUcRRhgu4hBq4cAdNeIAWtIHBDJ7hFd6szHqx3q2PVWvJKmbO4Q+szx8Pl5M7</latexit>

Thus it can be directly verified that 〈f, g〉 =
∫ +∞
−∞ f(t)g(t)dt = 0 because f(t)g(t) takes on

equal and opposite values on each half of every integer interval, and so integrates to 0 on each
integer interval.
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• Second, for every f ∈ V1 there exist f0 ∈ V0 and g0 ∈ A such that f = f0 + g0. Indeed, take
f ∈ V1. It is constant on the half integer intervals:

Define f0 to be the function that is constant on each integer interval and whose values is the
average of two values of f on that interval:

f0(t)
<latexit sha1_base64="i5l6v3IcxpIFXPskLsFF3qRo/Dk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCG5cV7APaECaTSTt0MgkzE7GE/oobF4q49Ufc+TdO0yy09cCFwzn3zp17gpQzpR3n29rY3Nre2a3sVfcPDo+O7ZNaTyWZJLRLEp7IQYAV5UzQrmaa00EqKY4DTvvB9Hbh9x+pVCwRD3qWUi/GY8EiRrA2km/XRsUbuaThHEW+09CXvl13mk4BtE7cktShRMe3v0ZhQrKYCk04VmroOqn2ciw1I5zOq6NM0RSTKR7ToaECx1R5ebF3ji6MEqIokaaERoX6eyLHsVKzODCdMdYTteotxP+8YaajlpczkWaaCrJcFGUc6QQtgkAhk5RoPjMEE8nMXxGZYImJNnFVTQju6snrpHfVdJ2me39db7fKOCpwBufQABduoA130IEuEHiCZ3iFN2tuvVjv1seydcMqZ07hD6zPHz2Tk90=</latexit><latexit sha1_base64="i5l6v3IcxpIFXPskLsFF3qRo/Dk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCG5cV7APaECaTSTt0MgkzE7GE/oobF4q49Ufc+TdO0yy09cCFwzn3zp17gpQzpR3n29rY3Nre2a3sVfcPDo+O7ZNaTyWZJLRLEp7IQYAV5UzQrmaa00EqKY4DTvvB9Hbh9x+pVCwRD3qWUi/GY8EiRrA2km/XRsUbuaThHEW+09CXvl13mk4BtE7cktShRMe3v0ZhQrKYCk04VmroOqn2ciw1I5zOq6NM0RSTKR7ToaECx1R5ebF3ji6MEqIokaaERoX6eyLHsVKzODCdMdYTteotxP+8YaajlpczkWaaCrJcFGUc6QQtgkAhk5RoPjMEE8nMXxGZYImJNnFVTQju6snrpHfVdJ2me39db7fKOCpwBufQABduoA130IEuEHiCZ3iFN2tuvVjv1seydcMqZ07hD6zPHz2Tk90=</latexit><latexit sha1_base64="i5l6v3IcxpIFXPskLsFF3qRo/Dk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCG5cV7APaECaTSTt0MgkzE7GE/oobF4q49Ufc+TdO0yy09cCFwzn3zp17gpQzpR3n29rY3Nre2a3sVfcPDo+O7ZNaTyWZJLRLEp7IQYAV5UzQrmaa00EqKY4DTvvB9Hbh9x+pVCwRD3qWUi/GY8EiRrA2km/XRsUbuaThHEW+09CXvl13mk4BtE7cktShRMe3v0ZhQrKYCk04VmroOqn2ciw1I5zOq6NM0RSTKR7ToaECx1R5ebF3ji6MEqIokaaERoX6eyLHsVKzODCdMdYTteotxP+8YaajlpczkWaaCrJcFGUc6QQtgkAhk5RoPjMEE8nMXxGZYImJNnFVTQju6snrpHfVdJ2me39db7fKOCpwBufQABduoA130IEuEHiCZ3iFN2tuvVjv1seydcMqZ07hD6zPHz2Tk90=</latexit><latexit sha1_base64="i5l6v3IcxpIFXPskLsFF3qRo/Dk=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUTUlEsMuCG5cV7APaECaTSTt0MgkzE7GE/oobF4q49Ufc+TdO0yy09cCFwzn3zp17gpQzpR3n29rY3Nre2a3sVfcPDo+O7ZNaTyWZJLRLEp7IQYAV5UzQrmaa00EqKY4DTvvB9Hbh9x+pVCwRD3qWUi/GY8EiRrA2km/XRsUbuaThHEW+09CXvl13mk4BtE7cktShRMe3v0ZhQrKYCk04VmroOqn2ciw1I5zOq6NM0RSTKR7ToaECx1R5ebF3ji6MEqIokaaERoX6eyLHsVKzODCdMdYTteotxP+8YaajlpczkWaaCrJcFGUc6QQtgkAhk5RoPjMEE8nMXxGZYImJNnFVTQju6snrpHfVdJ2me39db7fKOCpwBufQABduoA130IEuEHiCZ3iFN2tuvVjv1seydcMqZ07hD6zPHz2Tk90=</latexit>

f(t)
<latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit><latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit><latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit><latexit sha1_base64="ZALXGIqRL+egn14SeZUY9tP1azQ=">AAAB63icbVBNS8NAEJ34WetX1aOXxSLUS0lEsMeCF48V7Ae0oWy2m3bpbhJ2J0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZekEhh0HW/nY3Nre2d3dJeef/g8Oi4cnLaMXGqGW+zWMa6F1DDpYh4GwVK3ks0pyqQvBtM73K/+8S1EXH0iLOE+4qOIxEKRjGXwhpeDStVt+4uQNaJV5AqFGgNK1+DUcxSxSNkkhrT99wE/YxqFEzyeXmQGp5QNqVj3rc0ooobP1vcOieXVhmRMNa2IiQL9fdERpUxMxXYTkVxYla9XPzP66cYNvxMREmKPGLLRWEqCcYkf5yMhOYM5cwSyrSwtxI2oZoytPGUbQje6svrpHNd99y693BTbTaKOEpwDhdQAw9uoQn30II2MJjAM7zCm6OcF+fd+Vi2bjjFzBn8gfP5A2NJjcM=</latexit>

Then, f0 is constant on integer intervals, and so f0 ∈ V0. Now define g0(t) = f(t) − f0(t).
Clearly g0 takes on equal and opposite values on each half of every integer interval, and so
g0(x) ∈ A.
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To summarize we have
f(x) = f0(x) + g0(x)

where f0 ∈ V0 and g0 ∈ A. Therefore, V1 = V0 ⊕A⇒ A = W0.

Similarly we can show that Wj is the space of square integrable functions that take on equal and
opposite values on each half of the dyadic interval of length 2−j .

To summarize we designed the following structure:

Every function with 1
16 quantization:

can be decomposed into 8 functions in W3, plus 8 = 4 + 2 + 1 + 1 functions in the lower layers.
Typically the representation will be sparse. For example, consider the function we started with:
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The representation is sparse because most of the coefficients are zero at high level of details.
Concretely, consider ψ3,i ∈ W3. Note 〈f, ψ3,i〉 = 0 for all i 6= 3. Only 〈f, ψ3,i〉 6= 0. Therefore, one
singularity in the function only affects a few selected coefficients, unlike in the Fourier transform
case.
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