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Agenda:

1. The basic theorem in compressed sensing

2. Optimality conditions

3. Generalizing the gradient

4. The dual certificate

5. Construction of the dual certificate

1 The basic theorem in compressed sensing

Theorem 1 (Main theorem). Let x0 ∈ Rn be an s-sparse vector. Let A be an m × n random
matrix with Aij ∼ N (0, 1

m), m ≥ 9s log(n). Let b = Ax0.

Then x0 is the unique solution of
min
x

‖x‖1
subject to Ax = b

with probability at least 1− 3/n.

The meaning of this theorem: If the number of measurements m is slightly larger that the
information content of the signal, s, then we can recover x0 exactly from b = Ax0 via linear
programming with overwhelmingly high probability.

2 Optimality conditions

Consider the optimization problem:

min
x

f(x)

subject to Ax = b
(1)

Let x∗ denote the unique optimal solution of this optimization problem, i.e., the solution to (1).
What are the conditions that x∗ should satisfy?
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Note that
{x : Ax = b} = {x∗ + h : h ∈ N (A)}.

Therefore, x∗ solves (1) iff
f(x∗ + h) ≥ f(x∗) for all h ∈ N (A)

where N (·) denotes the null space.

Define the cone of descent directions of f(·) at x∗:

D = {d : f(x∗ + αd) < f(x∗) for some α > 0}.

For
f(x) = f(x1, x2) = ‖x‖1 = |x1|+ |x2|

this cone looks like this:

x1
<latexit sha1_base64="4QhlbHAQsqVoWRnfVA5X6of/ZZk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3zindRubyrlmvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJvo2Z</latexit>

x2
<latexit sha1_base64="+tq8NwSZQg9mS7Aqvmx02NHk6rw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYRo0cSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KF/eVUu1ahZHHk7gFM7BgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AC0KNmg==</latexit>

x⇤<latexit sha1_base64="5ssIE6B/fIupE3B/Xc9K0lNiROs=">AAAB83icbVDLSsNAFL3xWeur6tLNYBHERUm0osuCG5cV7AOaUCbTSTt0MgnzEEvob7hxoYhbf8adf+OkzUJbDwwczrmXe+aEKWdKu+63s7K6tr6xWdoqb+/s7u1XDg7bKjGS0BZJeCK7IVaUM0FbmmlOu6mkOA457YTj29zvPFKpWCIe9CSlQYyHgkWMYG0l34+xHoVR9jTtn/crVbfmzoCWiVeQKhRo9itf/iAhJqZCE46V6nluqoMMS80Ip9OybxRNMRnjIe1ZKnBMVZDNMk/RqVUGKEqkfUKjmfp7I8OxUpM4tJN5RrXo5eJ/Xs/o6CbImEiNpoLMD0WGI52gvAA0YJISzSeWYCKZzYrICEtMtK2pbEvwFr+8TNoXNe+ydnVfrzbqRR0lOIYTOAMPrqEBd9CEFhBI4Rle4c0xzovz7nzMR1ecYucI/sD5/AEd0pGy</latexit>

level sets of | · |1
<latexit sha1_base64="RkAP9MgOnTXm2WELEdLoOAPH5wM=">AAACAnicbVDLSgNBEJz1GeMr6km8DCaCp7AbFT0GvHiMYB6QhDA76U2GzO4sM72BkAQv/ooXD4p49Su8+TdOHgdNLGgoqrrp7vJjKQy67rezsrq2vrGZ2kpv7+zu7WcODitGJZpDmSupdM1nBqSIoIwCJdRiDSz0JVT93u3Er/ZBG6GiBxzE0AxZJxKB4Ayt1MocS+iDpAbQUBXQ3KjB2wpHLS/XymTdvDsFXSbenGTJHKVW5qvRVjwJIUIumTF1z42xOWQaBZcwTjcSAzHjPdaBuqURC8E0h9MXxvTMKm0aKG0rQjpVf08MWWjMIPRtZ8iwaxa9ififV08wuGkORRQnCBGfLQoSSVHRSR60LTRwlANLGNfC3kp5l2nG0aaWtiF4iy8vk0oh713kr+4L2eLlPI4UOSGn5Jx45JoUyR0pkTLh5JE8k1fy5jw5L8678zFrXXHmM0fkD5zPHwSiln4=</latexit>

cone of descent
<latexit sha1_base64="XynPswS1kpaAaGsuUx334MT9oLY=">AAACBXicbVDLSgMxFM3UV62vUZe6CBbBVZmpii4LblxWsA9oS8mkd9rQTDIkGaEM3bjxV9y4UMSt/+DOvzGdzkJbDwQO59yT3Jwg5kwbz/t2Ciura+sbxc3S1vbO7p67f9DUMlEUGlRyqdoB0cCZgIZhhkM7VkCigEMrGN/M/NYDKM2kuDeTGHoRGQoWMkqMlfrucTe7Iw14AlNMpQAsQzwATUGYvlv2Kl4GvEz8nJRRjnrf/eoOJE0im6WcaN3xvdj0UqIMoxympW6iISZ0TIbQsVSQCHQvzTaY4lOrDHAolT3C4Ez9nUhJpPUkCuxkRMxIL3oz8T+vk5jwupcyEScGBJ0/FCYcG4lnleABU0ANn1hCqGJ2V0xHRBFqbHElW4K/+OVl0qxW/PPK5V21XLvI6yiiI3SCzpCPrlAN3aI6aiCKHtEzekVvzpPz4rw7H/PRgpNnDtEfOJ8/mCGYlQ==</latexit>

N (A) + x⇤
<latexit sha1_base64="3w/r+QjkZvp9xNv8x3dT4KjssFs=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoCiXRii4rblxJBfuAJoTJZNIOnTyYmYgl5Dvc+CtuXCjiTtz4N07SClq9MHDmnHvvnDluzKiQhvGplebmFxaXysuVldW19Q19c6sjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oIte7t4QLGoU3chwTO0CDkPoUI6koRzetYkfKiZdZAZJDjFh6ldUK7PrpebYPD+H37S5zDhy9atSNouBfYE5BFUyr5ejvlhfhJCChxAwJ0TeNWNop4pJiRrKKlQgSIzxCA9JXMEQBEXZa2MrgnmI86EdcnVDCgv05kaJAiHHgqs7co5jVcvI/rZ9I/8xOaRgnkoR48pCfMCgjmOcEPcoJlmysAMKcKq8QDxFHWKo0KyoEc/bLf0HnqG4e10+uG9VmYxpHGeyAXVADJjgFTXAJWqANMLgHj+AZvGgP2pP2qr1NWkvadGYb/Crt4wvJ3KFC</latexit>

Since x∗ is the optimum of (1), we must have:

D ∩N (A) = {0}. (2)

Indeed, if (2) is not satisfied, take d 6= 0 ∈ D ∩ N (A) and note that f(x∗ + αd) < f(x∗) and
A(x∗ + αd) = Ax∗ = b. Therefore x∗ + αd satisfies the constraints and makes the objective
smaller. Contradiction with the assumption that x∗ is optimum of (1).

How can we guarantee that (2) is satisfied? To express condition (2) in a more convenient form,
we need to study subgradients.

3 Generalizing the gradient

Note that the `1-norm, f(x) = ‖x‖1 is not differentiable everywhere: there is no gradient at the
intersections with the axes.

For example, in 1D f(x) is not differentiable for x = 0:
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f(x) = |x|
<latexit sha1_base64="TL00CQaRBGg1KJ2Ro0zU9+KNASY=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9KKRi8mRC8eMZGPCA3ZLlvYsN02u1sDKfwLLx40xqv/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QV2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uB26jeeqFQsFA96FFE3wD3BfEawNtKjXxyeoms0Ho47+YJdsmdAy8RJSQFSVDv5r3Y3JHFAhSYcK9Vy7Ei7CZaaEU4nuXasaITJAPdoy1CBA6rcZHbxBJ0YpYv8UJoSGs3U3xMJDpQaBZ7pDLDuq0VvKv7ntWLtX7kJE1GsqSDzRX7MkQ7R9H3UZZISzUeGYCKZuRWRPpaYaBNSzoTgLL68TOpnJadcurg/L1Ru0jiycATHUAQHLqECd1CFGhAQ8Ayv8GYp68V6tz7mrRkrnTmEP7A+fwBCK5AB</latexit>

However f(x) = ‖x‖1 is convex, which allows us to define the generalized version of the gradient.

The subgradient: Vector g is a subgradient of f(·) at x if:

f(z) ≥ f(x) + gT(z− x).

For example if the function is smooth, the subgradient is unique and it is equal to the gradient:

f(x) + gT (z � x)
<latexit sha1_base64="SsbCW8DJkvw3hWgMnN/SRmUjLr4=">AAACHHicbVDLSgMxFM34rPU16tJNsAgVsczYii4LblxW6AvaWjJppg3NZIYkI9ZhPsSNv+LGhSJuXAj+jZl2lNp6IHByzr3ce48TMCqVZX0ZC4tLyyurmbXs+sbm1ra5s1uXfigwqWGf+aLpIEkY5aSmqGKkGQiCPIeRhjO8TPzGLRGS+ryqRgHpeKjPqUsxUlrqmkU33/aQGjhudBcfwWP48+vHN9Vf6z4+marqmjmrYI0B54mdkhxIUemaH+2ej0OPcIUZkrJlW4HqREgoihmJs+1QkgDhIeqTlqYceUR2ovFxMTzUSg+6vtCPKzhWpzsi5Ek58hxdmawoZ71E/M9rhcq96ESUB6EiHE8GuSGDyodJUrBHBcGKjTRBWFC9K8QDJBBWOs+sDsGePXme1E8LdrFwdl3KlUtpHBmwDw5AHtjgHJTBFaiAGsDgATyBF/BqPBrPxpvxPildMNKePfAHxuc35Huh3Q==</latexit>

x
<latexit sha1_base64="GvBfzQ3Tt+SV7xcoQ6bFEP81Jno=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLgxmUF+8C2lEyaaUMzmSG5I5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xYykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zxTea3Hrk2IlL3OIl5L6RDJQLBKFrpoRtSHPlB+jTtl8puxZ2BLBMvJ2XIUe+XvrqDiCUhV8gkNabjuTH2UqpRMMmnxW5ieEzZmA55x1JFQ2566SzxlJxaZUCCSNunkMzU3xspDY2ZhL6dzBKaRS8T//M6CQbXvVSoOEGu2PyjIJEEI5KdTwZCc4ZyYgllWtishI2opgxtSUVbgrd48jJpnle8i8rlXbVcq+Z1FOAYTuAMPLiCGtxCHRrAQMEzvMKbY5wX5935mI+uOPnOEfyB8/kD+0eRFQ==</latexit>

z
<latexit sha1_base64="bbs2Zeg4cGwDugM8zlJdOymNVsA=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLgxmUF+8C2lEx6pw3NZIYkI9Shf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcF1L+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8i8rlXbVcq+Z1FOAYTuAMPLiCGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kD/lGRFw==</latexit>

supporting hyperplane
<latexit sha1_base64="e6/QMvlp2OzPRTZAHrF9jiJORNo=">AAAB/nicbVDLSgMxFL3js9bXqLhyEyyCqzJTFV0W3LisYB/QDiWTpm1oJglJRihDwV9x40IRt36HO//GtJ2Fth64cDjn3uTeEyvOjA2Cb29ldW19Y7OwVdze2d3b9w8OG0ammtA6kVzqVowN5UzQumWW05bSFCcxp814dDv1m49UGybFgx0rGiV4IFifEWyd1PWPTaqU1JaJARo6XyuOBe36paAczICWSZiTEuSodf2vTk+SNKHCEo6NaYeBslGG3cOE00mxkxqqMBnhAW07KnBCTZTN1p+gM6f0UF9qV8Kimfp7IsOJMeMkdp0JtkOz6E3F/7x2avs3UcaESi0VZP5RP+XISjTNAvWYpsTysSOYaOZ2RWSINSbWJVZ0IYSLJy+TRqUcXpSv7iul6mUeRwFO4BTOIYRrqMId1KAOBDJ4hld48568F+/d+5i3rnj5zBH8gff5AxI0lic=</latexit>

x
<latexit sha1_base64="GvBfzQ3Tt+SV7xcoQ6bFEP81Jno=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLgxmUF+8C2lEyaaUMzmSG5I5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xYykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zxTea3Hrk2IlL3OIl5L6RDJQLBKFrpoRtSHPlB+jTtl8puxZ2BLBMvJ2XIUe+XvrqDiCUhV8gkNabjuTH2UqpRMMmnxW5ieEzZmA55x1JFQ2566SzxlJxaZUCCSNunkMzU3xspDY2ZhL6dzBKaRS8T//M6CQbXvVSoOEGu2PyjIJEEI5KdTwZCc4ZyYgllWtishI2opgxtSUVbgrd48jJpnle8i8rlXbVcq+Z1FOAYTuAMPLiCGtxCHRrAQMEzvMKbY5wX5935mI+uOPnOEfyB8/kD+0eRFQ==</latexit>

z
<latexit sha1_base64="bbs2Zeg4cGwDugM8zlJdOymNVsA=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLgxmUF+8C2lEx6pw3NZIYkI9Shf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xY8G1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZQohg0WiUi1fapRcIkNw43AdqyQhr7Alj++yfzWIyrNI3lvJjH2QjqUPOCMGis9dENqRn6QPk37pbJbcWcgy8TLSRly1Pulr+4gYkmI0jBBte54bmx6KVWGM4HTYjfRGFM2pkPsWCppiLqXzhJPyalVBiSIlH3SkJn6eyOlodaT0LeTWUK96GXif14nMcF1L+UyTgxKNv8oSAQxEcnOJwOukBkxsYQyxW1WwkZUUWZsSUVbgrd48jJpnle8i8rlXbVcq+Z1FOAYTuAMPLiCGtxCHRrAQMIzvMKbo50X5935mI+uOPnOEfyB8/kD/lGRFw==</latexit>

not a supporting hyperplane
<latexit sha1_base64="e3ncYOpkbHerfNHjS9g/zveNmtM=">AAACBHicbVDLSgMxFM3UV62vUZfdBIvgqsxURZcFNy4r2Ae0pWTS2zY0k4QkI5ShCzf+ihsXirj1I9z5N6btLLT1QOBwzrlJ7okUZ8YGwbeXW1vf2NzKbxd2dvf2D/zDo4aRiaZQp5JL3YqIAc4E1C2zHFpKA4kjDs1ofDPzmw+gDZPi3k4UdGMyFGzAKLFO6vlFIS0m2CRKSW2ZGOKRS2nFiYCeXwrKwRx4lYQZKaEMtZ7/1elLmsQgLOXEmHYYKNtNibuYcpgWOokBReiYDKHtqCAxmG46X2KKT53SxwOp3REWz9XfEymJjZnEkUvGxI7MsjcT//PaiR1cd1MmVGJB0MVDg4RjK/GsEdxnGqjlE0cI1cz9FdMR0YRa11vBlRAur7xKGpVyeF6+vKuUqhdZHXlURCfoDIXoClXRLaqhOqLoET2jV/TmPXkv3rv3sYjmvGzmGP2B9/kDExGYVQ==</latexit>

If the function has a kink, there are infinitely many subradients:

x
<latexit sha1_base64="GvBfzQ3Tt+SV7xcoQ6bFEP81Jno=">AAAB8XicbVDLSgMxFL3js9ZX1aWbYBFclRmt6LLgxmUF+8C2lEyaaUMzmSG5I5ahf+HGhSJu/Rt3/o2ZdhbaeiBwOOdecu7xYykMuu63s7K6tr6xWdgqbu/s7u2XDg6bJko04w0WyUi3fWq4FIo3UKDk7VhzGvqSt/zxTea3Hrk2IlL3OIl5L6RDJQLBKFrpoRtSHPlB+jTtl8puxZ2BLBMvJ2XIUe+XvrqDiCUhV8gkNabjuTH2UqpRMMmnxW5ieEzZmA55x1JFQ2566SzxlJxaZUCCSNunkMzU3xspDY2ZhL6dzBKaRS8T//M6CQbXvVSoOEGu2PyjIJEEI5KdTwZCc4ZyYgllWtishI2opgxtSUVbgrd48jJpnle8i8rlXbVcq+Z1FOAYTuAMPLiCGtxCHRrAQMEzvMKbY5wX5935mI+uOPnOEfyB8/kD+0eRFQ==</latexit>

several supporting hyperplanes
<latexit sha1_base64="JNG3YjbjvEYSMQL3ht7QHiS1Qgs=">AAACFHicbVDLSgMxFM3UV62vUZdugkUQhDJTFV0W3LisYB/QDiWT3rahmUxIMkIZ+hFu/BU3LhRx68Kdf2M6nYW2HggczrmvnFBypo3nfTuFldW19Y3iZmlre2d3z90/aOo4URQaNOaxaodEA2cCGoYZDm2pgEQhh1Y4vpn5rQdQmsXi3kwkBBEZCjZglBgr9dyzbjYjDXkCU6zB1hKOdSJlrAwTQzyyTUpyIkD33LJX8TLgZeLnpIxy1HvuV7cf0yQCYSgnWnd8T5ogJXYy5TAtdRMNktAxGULHUkEi0EGaHTTFJ1bp40Gs7BMGZ+rvjpREWk+i0FZGxIz0ojcT//M6iRlcBykTMjEg6HzRIOHYxHiWEO4zBdTwiSWEKmZvxXREFKHG5liyIfiLX14mzWrFP69c3lXLtYs8jiI6QsfoFPnoCtXQLaqjBqLoET2jV/TmPDkvzrvzMS8tOHnPIfoD5/MHnzCfww==</latexit>

The subdifferential: The set of subgradients of f(·) at x is called the subdifferential :

∂f(x) = {g : g is subgradients of f at x}.

If f is differentiable at x, then ∂f(x) = {∇f(x)}.
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For example:

∂|x| =





{1}, x > 0

{−1}, x < 0

[−1, 1], x = 0

f(x) = |x|
<latexit sha1_base64="TL00CQaRBGg1KJ2Ro0zU9+KNASY=">AAAB8XicbVBNT8JAEJ3iF+IX6tHLRmKCF9KKRi8mRC8eMZGPCA3ZLlvYsN02u1sDKfwLLx40xqv/xpv/xgV6UPAlk7y8N5OZeV7EmdK2/W1lVlbX1jeym7mt7Z3dvfz+QV2FsSS0RkIeyqaHFeVM0JpmmtNmJCkOPE4b3uB26jeeqFQsFA96FFE3wD3BfEawNtKjXxyeoms0Ho47+YJdsmdAy8RJSQFSVDv5r3Y3JHFAhSYcK9Vy7Ei7CZaaEU4nuXasaITJAPdoy1CBA6rcZHbxBJ0YpYv8UJoSGs3U3xMJDpQaBZ7pDLDuq0VvKv7ntWLtX7kJE1GsqSDzRX7MkQ7R9H3UZZISzUeGYCKZuRWRPpaYaBNSzoTgLL68TOpnJadcurg/L1Ru0jiycATHUAQHLqECd1CFGhAQ8Ayv8GYp68V6tz7mrRkrnTmEP7A+fwBCK5AB</latexit>

Properties of the subdifferential:

1. ∂{af(x)} = a∂f(x)

2. ∂
(∑T

i=1 fi(x)
)

=
∑T

i=1 ∂fi(x) where
∑

is the Minkowski sum of sets.

For example, if S1 = {a, b} and S2 = {c, d, e}, then

S1 + S2 = {a+ c, a+ d, a+ e, b+ c, b+ d, b+ e}.

3. If
f(x) = max

i∈I

(
aT
i x + bi

)

then
∂f(x) = conv{ai : f(x) = aT

i x + bi}
where conv(·) denotes the convex hull.

For example if A = {a,b},

conv(A) = {θa + (1− θ)b : 0 ≤ θ ≤ 1}.

To illustrate this property, let f(x) = |x| = max(x,−x). Consider x = 0, then f(x) = x and
f(x) = −x. Therefore, ∂f(x) = conv{+1,−1} = [−1, 1].

These 3 rules allow us to calculate most subdifferentials. Let’s calculate the subdifferential of the
`1-norm.

Assume that {
xi 6= 0, i ∈ T
xi = 0, i ∈ T c.

where here and below T c denotes the complement of T . Then v ∈ ∂ ‖x‖1 iff
{
vi = sign(xi), i ∈ T
vi ∈ [−1, 1], i ∈ T c.

(3)
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This can be seen as follows:
‖x‖1 =

∑

i

|xi|︸︷︷︸
fi(x)

.

Therefore, when xi = 0:

fi(x) = max([0 . . . 0 1 0 . . . 0]x, [0 . . . 0 −1 0 . . . 0]x)

and
∂fi(x) = conv{[0 . . . 0 1 0 . . . 0], [0 . . . 0 −1 0 . . . 0]}.

From this (3) follows via property 2 of the subdifferential.

4 The dual certificate

Lemma 2. Assume f(·) is convex. Then, x minimizes f(·) iff 0 ∈ ∂f(x).

Proof. Let’s prove the lemma in one direction.

Take any other z, then by definition of subdifferential,

f(z) ≥ f(x) + gT(z− x) for every g ∈ ∂f(x).

Since 0 ∈ ∂f(x) is a subgradient, the inequality is true for g = 0. Hence, f(z) ≥ f(x) for all z.

Lemma 3. Assume f(·) is convex. Then, x minimizes f(·) over the affine set {z : Az = b} iff
there exists λ such that ATλ ∈ ∂f(x) and Ax = b. The vector λ is called the dual certificate.

Proof. Let’s proof the lemma in one direction.

Every element from the affine set {z : Az = b} can be written as z = x + h with h ∈ N (A).

Since ATλ ∈ ∂f(x), we have

f(x + h) ≥ f(x) + (AT
λ)Th

= f(x) + λ
T Ah︸︷︷︸

0

= f(x).

Therefore, x minimizes f(·) over the affine set {z : Az = b}, as required.

In the figure below we take A = [a1 a2] so that we have one equation

[a1 a2]

[
x1
x2

]
= b.

You can see the dual certificate in greed (the range R(AT ) is orthogonal to N (A)):
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x1
<latexit sha1_base64="4QhlbHAQsqVoWRnfVA5X6of/ZZk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3zindRubyrlmvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJvo2Z</latexit>

x2
<latexit sha1_base64="+tq8NwSZQg9mS7Aqvmx02NHk6rw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYRo0cSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KF/eVUu1ahZHHk7gFM7BgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AC0KNmg==</latexit>

AT� 2 R(AT )
<latexit sha1_base64="s2uTmrjDaYEufC4w9dCJAdkwgPo=">AAACLnicbVDLSsNAFJ3UV62vqks3wSLUTUm0osuKCC6r9AVNLZPpTTt0MgkzE6GEfJEbf0UXgoq49TOcphVq64GBw7mvM8cNGZXKst6MzNLyyupadj23sbm1vZPf3WvIIBIE6iRggWi5WAKjHOqKKgatUAD2XQZNd3g1rjcfQEga8JoahdDxcZ9TjxKstNTNXzvpjrgvAHji+FgNXC++TO5rv9xhelsPJw7lqUQwi++S4mzrcTdfsEpWCnOR2FNSQFNUu/kXpxeQyAeuCMNStm0rVJ0YC0UJgyTnRBJCTIa4D21NOfZBduLUamIeaaVneoHQjyszVWcnYuxLOfJd3Tk2KedrY/G/WjtS3kUnpjyMFHAyOeRFzFSBOc7O7FEBRLGRJpgIqr2aZIAFJkonnNMh2PNfXiSNk5J9Wjq7LRcq5WkcWXSADlER2egcVdANqqI6IugRPaN39GE8Ga/Gp/E1ac0Y05l99AfG9w/zLqrT</latexit>

N (A) + x⇤
<latexit sha1_base64="3w/r+QjkZvp9xNv8x3dT4KjssFs=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoCiXRii4rblxJBfuAJoTJZNIOnTyYmYgl5Dvc+CtuXCjiTtz4N07SClq9MHDmnHvvnDluzKiQhvGplebmFxaXysuVldW19Q19c6sjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oIte7t4QLGoU3chwTO0CDkPoUI6koRzetYkfKiZdZAZJDjFh6ldUK7PrpebYPD+H37S5zDhy9atSNouBfYE5BFUyr5ejvlhfhJCChxAwJ0TeNWNop4pJiRrKKlQgSIzxCA9JXMEQBEXZa2MrgnmI86EdcnVDCgv05kaJAiHHgqs7co5jVcvI/rZ9I/8xOaRgnkoR48pCfMCgjmOcEPcoJlmysAMKcKq8QDxFHWKo0KyoEc/bLf0HnqG4e10+uG9VmYxpHGeyAXVADJjgFTXAJWqANMLgHj+AZvGgP2pP2qr1NWkvadGYb/Crt4wvJ3KFC</latexit>

subgradients of || · ||1 at x0
<latexit sha1_base64="JEYSHON6EU7jzUk3PEOxPoe7Tus="></latexit>

level sets of || · ||1
<latexit sha1_base64="HHBv93bV9tOslkefenEZODEpoCw=">AAACBHicbVA9TwJBEN3zE/ELtaTZCCZW5A41WpLYWGIiHwkQsrfMwYa928vuHAkBChv/io2Fxtj6I+z8Ny4fhYIvmeTlvZnMzPNjKQy67reztr6xubWd2knv7u0fHGaOjqtGJZpDhSupdN1nBqSIoIICJdRjDSz0JdT8/u3Urw1AG6GiBxzG0ApZNxKB4Ayt1M5kJQxAUgNoqApofjxu8o7C8bjt5duZnFtwZ6CrxFuQHFmg3M58NTuKJyFEyCUzpuG5MbZGTKPgEibpZmIgZrzPutCwNGIhmNZo9sSEnlmlQwOlbUVIZ+rviRELjRmGvu0MGfbMsjcV//MaCQY3rZGI4gQh4vNFQSIpKjpNhHaEBo5yaAnjWthbKe8xzTja3NI2BG/55VVSLRa8i8LVfTFXulzEkSJZckrOiUeuSYnckTKpEE4eyTN5JW/Ok/PivDsf89Y1ZzFzQv7A+fwB2x+Xig==</latexit>

x⇤ = x0
<latexit sha1_base64="wwXUT8RkaYVyFqTLJ6j87cQRLaE=">AAACAnicbVDLSsNAFL2pr1pfUVfiJlgEcVESrehGKLhxWcE+oA1hMp20QyeTMDMRSyhu/BU3LhRx61e482+ctFnU1gMDZ865l3vv8WNGpbLtH6OwtLyyulZcL21sbm3vmLt7TRklApMGjlgk2j6ShFFOGooqRtqxICj0GWn5w5vMbz0QIWnE79UoJm6I+pwGFCOlJc886IZIDfwgfRx7p9czH9szy3bFnsBaJE5OypCj7pnf3V6Ek5BwhRmSsuPYsXJTJBTFjIxL3USSGOEh6pOOphyFRLrp5ISxdayVnhVEQj+urIk625GiUMpR6OvKbEc572Xif14nUcGVm1IeJ4pwPB0UJMxSkZXlYfWoIFixkSYIC6p3tfAACYSVTq2kQ3DmT14kzbOKc165uKuWa9U8jiIcwhGcgAOXUINbqEMDMDzBC7zBu/FsvBofxue0tGDkPfvwB8bXL3fOl28=</latexit>

so that x is the optimal point. Here it is clear that dual certificated does not exist, because ATλ

does not belong to ∂‖x‖1 for any λ:

x1
<latexit sha1_base64="4QhlbHAQsqVoWRnfVA5X6of/ZZk=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrp/qnn9Uplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8NrPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs3zindRubyrlmvVPI4CHMMJnIEHV1CDW6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEJvo2Z</latexit>

x2
<latexit sha1_base64="+tq8NwSZQg9mS7Aqvmx02NHk6rw=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHxRHYRo0cSLx4xyiOBDZkdemHC7OxmZtZICJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLRzcxvPaLSPJYPZpygH9GB5CFn1Fjp/qlX6RVLbtmdg6wSLyMlyFDvFb+6/ZilEUrDBNW647mJ8SdUGc4ETgvdVGNC2YgOsGOppBFqfzI/dUrOrNInYaxsSUPm6u+JCY20HkeB7YyoGeplbyb+53VSE177Ey6T1KBki0VhKoiJyexv0ucKmRFjSyhT3N5K2JAqyoxNp2BD8JZfXiXNStm7KF/eVUu1ahZHHk7gFM7BgyuowS3UoQEMBvAMr/DmCOfFeXc+Fq05J5s5hj9wPn8AC0KNmg==</latexit>

AT� 2 R(AT )
<latexit sha1_base64="s2uTmrjDaYEufC4w9dCJAdkwgPo=">AAACLnicbVDLSsNAFJ3UV62vqks3wSLUTUm0osuKCC6r9AVNLZPpTTt0MgkzE6GEfJEbf0UXgoq49TOcphVq64GBw7mvM8cNGZXKst6MzNLyyupadj23sbm1vZPf3WvIIBIE6iRggWi5WAKjHOqKKgatUAD2XQZNd3g1rjcfQEga8JoahdDxcZ9TjxKstNTNXzvpjrgvAHji+FgNXC++TO5rv9xhelsPJw7lqUQwi++S4mzrcTdfsEpWCnOR2FNSQFNUu/kXpxeQyAeuCMNStm0rVJ0YC0UJgyTnRBJCTIa4D21NOfZBduLUamIeaaVneoHQjyszVWcnYuxLOfJd3Tk2KedrY/G/WjtS3kUnpjyMFHAyOeRFzFSBOc7O7FEBRLGRJpgIqr2aZIAFJkonnNMh2PNfXiSNk5J9Wjq7LRcq5WkcWXSADlER2egcVdANqqI6IugRPaN39GE8Ga/Gp/E1ac0Y05l99AfG9w/zLqrT</latexit>

N (A) + x⇤
<latexit sha1_base64="3w/r+QjkZvp9xNv8x3dT4KjssFs=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0WoCiXRii4rblxJBfuAJoTJZNIOnTyYmYgl5Dvc+CtuXCjiTtz4N07SClq9MHDmnHvvnDluzKiQhvGplebmFxaXysuVldW19Q19c6sjooRj0sYRi3jPRYIwGpK2pJKRXswJClxGuu7oIte7t4QLGoU3chwTO0CDkPoUI6koRzetYkfKiZdZAZJDjFh6ldUK7PrpebYPD+H37S5zDhy9atSNouBfYE5BFUyr5ejvlhfhJCChxAwJ0TeNWNop4pJiRrKKlQgSIzxCA9JXMEQBEXZa2MrgnmI86EdcnVDCgv05kaJAiHHgqs7co5jVcvI/rZ9I/8xOaRgnkoR48pCfMCgjmOcEPcoJlmysAMKcKq8QDxFHWKo0KyoEc/bLf0HnqG4e10+uG9VmYxpHGeyAXVADJjgFTXAJWqANMLgHj+AZvGgP2pP2qr1NWkvadGYb/Crt4wvJ3KFC</latexit>

x0
<latexit sha1_base64="8hP+BV4dCDCZ18wrAUM3xspWG3M=">AAAB83icbVDLSsNAFL2pr1pfVZduBovgqiRa0WXBjcsK9gFNKJPppB06mYR5iCX0N9y4UMStP+POv3HSZqGtBwYO59zLPXPClDOlXffbKa2tb2xulbcrO7t7+wfVw6OOSowktE0SnsheiBXlTNC2ZprTXiopjkNOu+HkNve7j1QqlogHPU1pEOORYBEjWFvJ92Osx2GUPc0G7qBac+vuHGiVeAWpQYHWoPrlDxNiYio04VipvuemOsiw1IxwOqv4RtEUkwke0b6lAsdUBdk88wydWWWIokTaJzSaq783MhwrNY1DO5lnVMteLv7n9Y2OboKMidRoKsjiUGQ40gnKC0BDJinRfGoJJpLZrIiMscRE25oqtgRv+curpHNR9y7rV/eNWrNR1FGGEziFc/DgGppwBy1oA4EUnuEV3hzjvDjvzsditOQUO8fwB87nDybqkbg=</latexit>

x⇤ 6= x0
<latexit sha1_base64="x4AW8atwp+2N3Cv82xtFqTxDLJw=">AAACBnicbVBNS8NAEJ34WetX1KMIi0UQDyXRih4LXjxWsB/QlLLZbtqlm03Y3Ygl9OTFv+LFgyJe/Q3e/Ddu2hxq64OBx3szzMzzY86Udpwfa2l5ZXVtvbBR3Nza3tm19/YbKkokoXUS8Ui2fKwoZ4LWNdOctmJJcehz2vSHN5nffKBSsUjc61FMOyHuCxYwgrWRuvaRF2I98IP0cdw9Q56gaEZwunbJKTsToEXi5qQEOWpd+9vrRSQJqdCEY6XarhPrToqlZoTTcdFLFI0xGeI+bRsqcEhVJ528MUYnRumhIJKmhEYTdXYixaFSo9A3ndmNat7LxP+8dqKD607KRJxoKsh0UZBwpCOUZYJ6TFKi+cgQTCQztyIywBITbZIrmhDc+ZcXSeO87F6UL+8qpWolj6MAh3AMp+DCFVThFmpQBwJP8AJv8G49W6/Wh/U5bV2y8pkD+APr6xcA5JjJ</latexit>

subgradients of || · ||1 at x0
<latexit sha1_base64="JEYSHON6EU7jzUk3PEOxPoe7Tus="></latexit>

level sets of || · ||1
<latexit sha1_base64="HHBv93bV9tOslkefenEZODEpoCw=">AAACBHicbVA9TwJBEN3zE/ELtaTZCCZW5A41WpLYWGIiHwkQsrfMwYa928vuHAkBChv/io2Fxtj6I+z8Ny4fhYIvmeTlvZnMzPNjKQy67reztr6xubWd2knv7u0fHGaOjqtGJZpDhSupdN1nBqSIoIICJdRjDSz0JdT8/u3Urw1AG6GiBxzG0ApZNxKB4Ayt1M5kJQxAUgNoqApofjxu8o7C8bjt5duZnFtwZ6CrxFuQHFmg3M58NTuKJyFEyCUzpuG5MbZGTKPgEibpZmIgZrzPutCwNGIhmNZo9sSEnlmlQwOlbUVIZ+rviRELjRmGvu0MGfbMsjcV//MaCQY3rZGI4gQh4vNFQSIpKjpNhHaEBo5yaAnjWthbKe8xzTja3NI2BG/55VVSLRa8i8LVfTFXulzEkSJZckrOiUeuSYnckTKpEE4eyTN5JW/Ok/PivDsf89Y1ZzFzQv7A+fwB2x+Xig==</latexit>

so that x is not the optimal point.

Let’s return to the proof of Theorem 1: the measurements are given by b = Ax0, where x0 is
the true signal we need to reconstruct. Our strategy in proving the main theorem is to explicitly
construct the dual certificate λ such that ATλ = v ∈ ∂‖x0‖1, which, according to (3), is equivalent
to

vi =

{
sign([x0]i), [x0]i 6= 0

(−1, 1), [x0]i = 0.
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Let’s make the notation more compact. Let T denote the support of x0:

T = {i : [x0]i 6= 0}.

Let e ∈ Rs be the vector of signs of x0 on its support T : e = [sign(x0)]T . With this notation our
task is to find λ such that:

[AT
λ]T = e (eq)

∥∥∥[AT
λ]T c

∥∥∥
∞
< 1. (bnd)

Above, the notation [· · · ]T means the restriction of the components of the vector to the index set T .

5 Construction of the dual certificate

We will take λ to be a specific solution of (eq). Then we will prove that this λ satisfies (bnd).

Without loss of generality we can permute the columns of A in such a way that the coordinates
corresponding to T are the first coordinates of A. Then we can partition A as follows:

A = [AT |AT c ].

Note that the equation
[AT

λ]T = e

has infinitely many solution because AT
T is an s×m matrix and m > s.

Among infinitely many solutions of (eq) we will choose the one with the smallest `2-norm:

min
λ

‖λ‖2
subject to AT

T λ = e
(4)

which gives us the closed form solution as follows: λ = AT (AT
TAT )−1e.

To see that this λ is indeed the solution of (4), note that every vector that satisfies the constraints
in (4) can be written as λ̃ = λ + n with AT

T n = 0. Therefore, since

〈n, λ〉 =
〈
n,AT (AT

TAT )−1e
〉

=
〈
AT
T n, (AT

TAT )−1e
〉

= 0,

we have, for n 6= 0,

∥∥∥λ̃

∥∥∥
2

2
= ‖λ + n‖22
= ‖λ‖22 + ‖n‖22 + 2 |〈n, λ〉|︸ ︷︷ ︸

0

= ‖λ‖22 + ‖n‖22
> ‖λ‖22 .

We conclude that λ̃ is not the optimal point unless n = 0. Observe that it is not obvious that this
particular solution of (eq) has a chance to satisfy (bnd). Intuitively, we minimize some norm of λ,

7



to make the vector shorter, so there is more chance for
∥∥[ATλ]T c

∥∥
∞ < 1 to be true. Minimizing

the `2-norm specifically is convenient because there is the closed form solution for it, as specified
above. In general, the dual certificate is not unique, and other constructions also exist.

Define z = AT
T cλ = AT

T cAT (AT
TAT )−1e. To prove (bnd), it remains to show that: |zi| < 1 for all i

with high probability, where the probability is over the random choice of A.

First note that AT c is independent of AT (AT
TAT )−1e. The vector z has a complicated distribution,

but we can control it by controlling AT c and AT (AT
TAT )−1e separately.

Let’s calculate the `2-norm of λ:

‖λ‖22 =
∥∥∥AT (AT

TAT )−1e
∥∥∥
2

2

= eT(AT
TAT )−TAT

TAT (AT
TAT )−1e

= eT(AT
TAT )−1e.

In the following lemmas we will show that ‖λ‖22 is small with high probability.

Claim 4. ‖λ‖22 = eT(AT
TAT )−1e has the same distribution as s[(AT

TAT )−1]11.

Proof. The claim follows from the fact that the Gaussian distribution is symmetric w.r.t. change
of basis as follows. Recall that e ∈ Rs is a vector of +1’s and −1’s. Therefore, ‖e‖2 =

√
s. Let’s

change basis: e = Ue1 where e1 = [
√
s, 0, . . . , 0]T and U is a unitary matrix. Therefore,

eT(AT
TAT )−1e = eT1 UT(AT

TAT )−1Ue1

= eT1 (UAT
TATUT)−1e1

∼ eT1 (AT
TAT )−1e1

= s[(AT
TAT )−1]11

where we have used that ATUT and AT have the same distribution because AT is Gaussian and
U is unitary; the notation ∼ means that the two random variables have the same distribution; and
the last step follows from the definition of e1.

Let us now recall the definition of χ2 random variable.

Definition 5. Let z1, . . . , zk be i.i.d. N (0, 1) random variables. Then q = z21 + · · · + z2k has χ2

distribution with k degrees of freedom.

Claim 6. m/[(AT
TAT )−1]11 has χ2 distribution with m− s+ 1 degrees of freedom.

Proof. To shorten notation let B = AT . Let b denote the first column of B and C be the matrix
that contains all columns of B, except for the first one: B = [b C]. Then,

BTB =

[
bTb bTC
CTb CTC

]
.

Using the Matrix Inversion Lemma, it follows:

[(BTB)−1]11 = 1/k

8



where
k = bTb− bTC(CTC)−1CTb.

Note that
p = C(CTC)−1CTb

is the projection of the vector b ∈ Rm onto the column space of C. Using that 〈b− p,p〉 = 0, we
conclude that

k = bTb− bTp = ‖b− p‖22.
Therefore, k is the squared distance between a Gaussian vector with zero mean and 1/m variance
and an s − 1 dimensional subspace. Therefore, mk = m/[(AT

TAT )−1]11 has χ2 distribution with
m− s+ 1 degrees of freedom.

From Claims 4 and 6 we conclude that ms/ ‖λ‖22 has χ2 distribution with m − s + 1 degrees of
freedom.

Lemma 7. Let q be a χ2 distributed random variable with k degrees of freedom. Then, the following
large deviation bound holds:

P[k − q > t] ≤ exp

[
− t

2

4k

]
(5)

for all t > 0.

The tail bound is illustrated in the plot below:

exp


� t2

4k

�

<latexit sha1_base64="rlcrKNp7hDAHj4ubTD+o6VhphWk=">AAACC3icbVC5TsNAEF1zhnAZKGlMIiQaIjsEQRmJhjJI5JBiE60342SV9aHdMSKy0tPwKzQUIETLD9DxN2yOAhKeNNLTezOamecngiu07W9jaXlldW09t5Hf3Nre2TX39hsqTiWDOotFLFs+VSB4BHXkKKCVSKChL6DpD67GfvMepOJxdIvDBLyQ9iIecEZRSx2z4MJD4h65AgJsn7qBpCzDu/IoqwxGruS9Pnods2iX7AmsReLMSJHMUOuYX243ZmkIETJBlWo7doJeRiVyJmCUd1MFCWUD2oO2phENQXnZ5JeRdayVrhXEUleE1kT9PZHRUKlh6OvOkGJfzXtj8T+vnWJw6WU8SlKEiE0XBamwMLbGwVhdLoGhGGpCmeT6Vov1qc4DdXx5HYIz//IiaZRLzlnp/KZSrFZmceTIISmQE+KQC1Il16RG6oSRR/JMXsmb8WS8GO/Gx7R1yZjNHJA/MD5/ABnYmw8=</latexit>

0
<latexit sha1_base64="pFGZet23thr2vx8RKWF+9MxZvIY=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZquP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjrZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxXvqnLdqJZr1TyOApzCGVyABzdQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwBdyeMrQ==</latexit> k � t

<latexit sha1_base64="3+GxR+0pyiurL7K5jmwPHO4b2oU=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4sSRa0WPBi8eK9gPaUDbbTbt0swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGt1O/9cS1EbF6xHHC/YgOlAgFo2ilh9E59kplt+LOQJaJl5My5Kj3Sl/dfszSiCtkkhrT8dwE/YxqFEzySbGbGp5QNqID3rFU0YgbP5udOiGnVumTMNa2FJKZ+nsio5Ex4yiwnRHFoVn0puJ/XifF8MbPhEpS5IrNF4WpJBiT6d+kLzRnKMeWUKaFvZWwIdWUoU2naEPwFl9eJs2LindZubqvlmvVPI4CHMMJnIEH11CDO6hDAxgM4Ble4c2Rzovz7nzMW1ecfOYI/sD5/AEPgo2d</latexit> k
<latexit sha1_base64="0RIdK8syoGe+EjWIdWKQlVDUvkw=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolW9Fjw4rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqjPulsltx5yCrxMtJGXLU+6Wv3iBmaYTSMEG17npuYvyMKsOZwGmxl2pMKBvTIXYtlTRC7WfzQ6fk3CoDEsbKljRkrv6eyGik9SQKbGdEzUgvezPxP6+bmvDWz7hMUoOSLRaFqSAmJrOvyYArZEZMLKFMcXsrYSOqKDM2m6INwVt+eZW0LiveVeW6US3XqnkcBTiFM7gAD26gBvdQhyYwQHiGV3hzHp0X5935WLSuOfnMCfyB8/kD0JOM6A==</latexit>

�2 pdf
<latexit sha1_base64="bOVeWl1eMhIHuIsEbWOiqRiRgF8=">AAAB9HicdVDLSsNAFL2pr1pfVZduBlvBVUhifSwLblxWsA9oY5lMJu3QycOZSaGEfocbF4q49WPc+TdO+gAVPXC5h3PuZe4cL+FMKsv6NAorq2vrG8XN0tb2zu5eef+gJeNUENokMY9Fx8OSchbRpmKK004iKA49Ttve6Dr322MqJIujOzVJqBviQcQCRrDSklvtkSG7d6oo8QPUL1cs88LKgSyztiTOnNjmrFsVWKDRL3/0/JikIY0U4VjKrm0lys2wUIxwOi31UkkTTEZ4QLuaRjik0s1mR0/RiVZ8FMRCV6TQTP2+keFQykno6ckQq6H87eXiX143VcGVm7EoSRWNyPyhIOVIxShPAPlMUKL4RBNMBNO3IjLEAhOlcyrpEJY/Rf+TlmPaZ+b5rVOp1xZxFOEIjuEUbLiEOtxAA5pA4AEe4RlejLHxZLwab/PRgrHYOYQfMN6/APVukOE=</latexit>

In your homework you will use the important Chernoff bound technique and derive a similar but
somewhat weaker bound. If you are interested in the proof of the bound in Lemma 7, see [B.
Laurent and P. Massart, “Adaptive estimation of a quadratic functional by model selection”, 2000,
p. 1325].

Now we are ready to show the following tail bound for ‖λ‖2:

Claim 8.

P
[
‖λ‖2 >

√
ms

m− s+ 1− t

]
≤ exp

[
− t2

4(m− s+ 1)

]
.

Proof. Since ms/ ‖λ‖22 is χ2 distributed with m−s+1 degrees of freedom, it follows from Lemma 7
that

P

[
m− s+ 1− ms

‖λ‖22
> t

]
≤ exp

[
− t2

4(m− s+ 1)

]
.
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Note that

P

[
m− s+ 1− ms

‖λ‖22
> t

]
= P

[
‖λ‖2 >

√
ms

m− s+ 1− t

]

which concludes the proof.

Next, consider AT
T cλ for a fixed λ. This is a Gaussian random vector. Each component of this

vector is N (0, 1
m ‖λ‖

2
2). Therefore, using the Chernoff tail bound1 for Gaussian Q(·) function that

you will derive in your homework, we conclude:

P
[
|zi| > 1

∣∣∣ ‖λ‖2 ≤
√

ms

m− s+ 1− t

]
≤ P

[
|w| > 1

∣∣∣w ∼ N
(

0,
s

m− s+ 1− t

)]

= P

[
|w|
√
m− s+ 1− t

s
>

√
m− s+ 1− t

s

∣∣∣w ∼ N
(

0,
s

m− s+ 1− t

)]

= P

[
|w| >

√
m− s+ 1− t

s

∣∣∣w ∼ N (0, 1)

]

≤ 2 exp

[
−m− s+ 1− t

2s

]
.

Using the union bound and the fact that T c contains n− s elements we obtain:

P
[∥∥∥[AT

λ]T c

∥∥∥
∞
> 1
]
≤ 2(n− s) exp

[
−m− s+ 1− t

2s

]
+ exp

[
− t2

4(m− s+ 1)

]
.

This is an upper bound on the probability of failure. We would like to choose t so that this
probability is less than 1/n. First, let’s find a condition on t so that the second term is less
than 1/n:

exp

[
− t2

4(m− s+ 1)

]
≤ 1

n

⇔ − t2

4(m− s+ 1)
≤ − log(n)

⇔ t2

4(m− s+ 1)
≥ log(n)

⇔ t2 ≥ 4(m− s+ 1) log(n)

so we can choose t = 2
√

(m− s+ 1) log(n) and plug this value into the first term. Now we want
to find a value of m such that the first term is less than 2/n:

2(n− s) exp

[
−m− s+ 1− 2

√
(m− s+ 1) log(n)

2s

]
≤ 2

n
. (6)

1Q(v) ≤ e−v2/2
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First show that

m− s+ 1− 2
√

(m− s+ 1) log(n) ≥ 1

2
(m− s+ 1)

⇔ m− s+ 1 ≥ 4
√

(m− s+ 1) log(n)

⇔
√

(m− s+ 1) ≥ 4
√

log(n)

⇔ m− s+ 1 ≥ 16 log(n)

which is true because s ≥ 2 and m ≥ 9s log(n) by assumption:

m− s+ 1 ≥ 9s log(n)− s ≥ 8s log(n) ≥ 16 log(n).

Therefore, to prove (6) it remains to show

(n− s) exp

[
−m− s+ 1

4s

]
≤ 1

n

⇐ n exp

[
−9s log(n)− s

4s

]
≤ 1

n

⇐ exp

[
−8s log(n)

4s

]
≤ 1

n2

⇐ exp [−2 log(n)] =
1

n2
.

This completes the proof of the main theorem.

11


